Abstract: Single-molecule surface-enhanced Raman scattering (SERS) has been extensively studied over the past decade. In this paper, we propose a novel method to obtain ultrahigh enhancement of local electric fields by using a silver nanoshell with a gain core above a silver substrate. Numerical results show that an ultrahigh enhancement factor of the local electric field on the order of 10 5 -10 6 and a SERS enhancement factor on the order of 10 20 -10 25 can be obtained with the present system. The SERS enhancement factor is five orders of magnitude greater than the highest theoretical value reported for SERS applications at the single-molecule level. In addition, we use the finite-element method to analyze in detail the influences of the gain coefficient of the gain core and the other structure parameters on the enhancement factor.
Introduction
Over the past few decades, extensive studies have been conducted on the design and fabrication of various plasmonic devices that are able to enhance and spatially confine electromagnetic fields for surface enhanced Raman scattering (SERS). SERS refers to the phenomenon by which Raman scattering originating from molecules in the vicinity of metallic nanostructures is enhanced [1] . SERS provides a means for identifying molecules through their "fingerprint" vibrational spectra [2] . Recently, SERS has attracted renewed attention due to the demonstrations of single-molecule sensitivity [3] . Detecting single molecules in solution with high sensitivity and molecular specificity is of great scientific and practical interest in many research fields such as chemistry, biology, medicine, pharmacology, and environmental science [4] - [6] .
As the SERS enhancement factor (G factor) directly depends on the intensity of local electromagnetic fields (also called "hot spots"), in recent years, a considerable number of research studies have focused on the maximization of this field enhancement for single-molecule SERS (SM-SERS) sensitivity [1] . However, the near-field enhancement from individual metallic nanoparticles (NPs) is insufficient for SM-SERS because of the losses inherent to the interaction of light with metals. Regarded as one of the most effective methods to substantially enhance the local electric field, the creation of various gap systems such as dimeric NPs, bow-tie antenna structures, and nanosphere thin film assemblies has attracted significant interest [7] - [10] . Conventionally, dimers from two metallic NPs that almost touch each other and have a tiny gap on the scale of several nanometers can generate a G factor of 10 11 -10 12 [11] - [13] . To obtain SM-SERS, stronger localized plasmonic fields produced at the tip apex have been proposed [14] - [16] . Recently, plasmon-enhanced Raman imaging of single molecules has been successfully demonstrated by utilizing the gap between a metal substrate and the metallic tip of a scanning tunneling microscope [16] . However, the above schemes involve high precision control of the tip apex and corresponding instrument system, which increase the application difficulties for SM-SERS.
As an alternative to gap systems, integrating plasmonic nanostructures with gain materials has been proposed as an effective strategy for the enhancement of local electric fields, which compensates for the loss of conventional metallic structures [17] - [20] . Recently, we proposed a method to significantly enhance the local field by combining a gap plasmonic system and the compensation effect from gain materials; a metallic nanoparticle was placed in close proximity to a substrate covered with a ∼100-nm-thick film containing a gain material. Compared with a conventional dielectric substrate, the thin gain film can significantly enhance the local electric fields in the gap between the particle and the substrate; this enhancement, in turn, results in a substantially improved sensitivity of conventional SERS applications [10] . However, the field enhancement directly depends on the gain coefficient of the gain film in the structure so that the required gain coefficient for SM-SERS sensitivity is hardly obtained for any available gain material. Another research study shows that cubic gold nanobox particles with a gain material in the core can contribute to an extremely high enhancement factor with a relative low gain coefficient [11] . However, hot spots exist in the gain material in the structure, but they cannot effectively be used to enhance the G factor. In the present paper, we will present a method to achieve an ultrahigh enhancement factor with low gain coefficient by utilizing a gap system between a silver film and a silver nanoshell with gain materials embedded as a core for SM-SERS applications.
Principle
As Fig. 1 shows, the proposed SM-SERS system consists of a silver substrate and a silver nanoshell with a gain core. We will show that the core-shell nanostructure can be used effectively to enhance the local electric field with a relative low gain coefficient. The silver shell is embedded with a gain core that overlaps spatially with the local plasmonic field and whose gain spectrum overlaps spectrally with the plasmonic resonant absorption. We used the complex refractive index to characterize the gain material doped dielectric medium. The complex refractive index was set as n À ik , where the real part, i.e., n ¼ 1:5, represents the refractive index of silica, and the imaginary part k defines the optical gain/loss coefficient, which is introduced to describe the amplification/dissipation of the incident light intensity. A positive k means optical gain for the material. In practice, the gain coefficient k can vary depending on the extent of the amplification, which corresponds to an amplification coefficient of light intensity as g ¼ 4k = [20] . The dispersion relationship of silver is described by using the Johnson and Christy model [21] . The material of the gain core is silica-doped with optical gain inclusions (e.g., organic dyes, rare-earth ions).
This structure can be fabricated according to previously published methods [18] , [19] . In general, the amplification coefficient of light intensity is related to both the emission cross section e and the concentration N in the gain system, which can be written as g ¼ N e ; the corresponding gain coefficient is given by k ¼ g=4 ¼ N e =4. From this formula, one can find that the key toward a sufficient large gain coefficient is to have a gain system with a large emission cross section and a high concentration [11] . A gain coefficient k ¼ 0:1 corresponds to an amplification coefficient of light intensity of 2:51 Â 10 4 cm À1 for a wavelength of 500 nm. This amplification coefficient is readily available in this system [11] . The surrounding medium is water. The incident light, polarized parallel to the x -axis, propagates along the z-axis with an incident field intensity E 0 ¼ 1 V=m.
Based on the system shown in Fig. 1 , we performed numerical calculations with the commercial software package COMSOL Multiphysics using the finite element method. The whole calculation region was a cube with sides of approximately 1000 nm; a 300 nm thick perfectly matched layer (PML) boundary was used around the calculation domain to ensure that the results were not affected by redundant scattered waves. Fig. 2 shows the spectra of the normalized electric field jE j=jE 0 j (also called "enhancement factor of the local electric field") for various gain coefficients of the gain core with parameters R ¼ 40 nm, L ¼ 10 nm, d ¼ 4 nm, and n s ¼ 1:33, where E is selected as the maximum electric field in the x -z plane, R is the radius of the gain core, L is the thickness of the silver nanoshell, n À ik is the refractive index of the gain core, n s is the ambient refractive index, and d is the gap interval between the silver nanoshell and the silver substrate. For the silver nanoshell with a conventional silica core (i.e., gain coefficient k ¼ 0), the corresponding enhancement factor of the local electric field at resonant wavelength is about 29.3 [see Fig. 2(a) ]. The jE j=jE 0 j value increases at first, and then decreases as the gain coefficient increases. In other words, there exists an optimal gain coefficient at which a maximal field enhancement can be obtained. By improving the scanning accuracy until the fourth decimal place around the variation threshold, we obtain the optimal gain coefficient at k ¼ 0:1126, where the corresponding enhancement factor of the local electric field is about 1:51 Â 10 5 (corresponding to a G factor of 5:2 Â 10 20 ). In addition, the central resonant wavelength slightly shifts toward a shorter wavelength as the gain coefficient increases. For the optimal gain coefficient, the corresponding resonant wavelength is 415.785 nm. In addition, the width of the resonant spectrum with a gain coefficient is considerably narrower than that of any conventional metallic plasmonic resonance spectrum. Typically, Fig. 1 . Schematic configuration (a) and calculation parameters (b) of a gap system between a silver substrate and a silver nanoshell with gain materials embedded for SM-SERS. R is the radius of the gain core, L is the thickness of the silver nanoshell, n À ik is the refractive index of the gain core, n s is the ambient refractive index, and d is the gap interval between the silver nanoshell and the silver substrate. some rare earth or dye doped materials can provide a gain spectrum with a bandwidth of tens of nanometers, which is significantly larger than that of the present resonant spectrum. Therefore, in the numerical work, the used gain coefficients are dispersionless in the limited resonant spectrum. Fig. 3(a) shows the variation of the normalized electric field jE j=jE 0 j at the resonant wavelength with threshold gain coefficient (415.785 nm) as the gain coefficient of the gain core increases. All other parameters are the same as those in Fig. 2 . From the inserted field distribution, an ultrastrong hot spot can be observed in the gap when the gain coefficient equals 0.1126, revealing a 1:51 Â 10 5 times amplification of the local electric field relative to the incident field (corresponding to a G factor of 5:2 Â 10 20 ). In addition, the physical properties in Figs. 1 and 2(a) were revealed by calculating the optical spectra of the extinction (C ext ), scattering (C sca ), and absorption (C abs ) cross sections of the considered gain-assisted nanostructures [11] . Similar calculations [see Fig. 2(b) ] were also performed in this work. The figure shows a sharp resonance at the critical point ðk ¼ 0:1126Þ, at which both the scattering and absorption increase rapidly to the peak value and then decrease sharply. These features, together with the sharp narrowing of the plasmonic resonance, clearly indicate the induction of lasing at the critical point [11] . When the gain coefficient is smaller than the critical value, a better compensation effect of the scattering loss [see Fig. 2(b) ] can be obtained as the gain coefficient increases. However, the lasing phenomenon will occur when the gain coefficient is larger than the critical value, which induces the decrease of the local field of the excited light. Fig. 4(a) shows that the optimal gain coefficient (i.e., the threshold) varies as the gap distance increases. The threshold is the highest when the gap distance equals 4 nm ðk ¼ 0:1126Þ. Fig. 4(b) and (c) show the resonant wavelength and normalized electric field jE j=jE 0 j with the threshold gain coefficient, respectively, at various gap distances. Clearly, the electric field increases as the gap decreases, owing to the stronger interaction between the nanoshell and the substrate. Moreover, a slight blue shift of the resonant peak can be observed as the gap decreases. This variation is consistent with that observed in conventional gap systems. For a small gap distance, e.g., d ¼ 2 nm, a maximal field enhancement in the hot spots of 2:4 Â 10 6 times can be reached [corresponding to a G factor of 3:32 Â 10 25 ; see the inserted field distribution in Fig. 4(c) ], whereas the corresponding gain coefficient in the gain core is only 0.1006. Note that the electric field will monotonously increase as the gap decreases due to stronger interaction of the NP with the film for a smaller gap. However, as their gap size is reduced to sub-nanometer scale, coherent quantum tunneling becomes possible and the system enters a regime of extreme non-locality in which previous classical treatments fail [22] - [24] . Therefore, we did not simulate the corresponding results when the gap interval was less than 2 nm in the present paper. Fig. 4(d) shows the bandwidth with field enhancement over 1000 and 10000 times for various gap distances. For a small gap distance, the bandwidth is wide enough for any actual application. For example, a 2 nm gap can contribute to a 0.11 nm and 1.0 nm bandwidth with a field enhancement over 10000 and 1000 times in the hot spots, respectively. Fig. 5 shows that the optical characteristics vary as the radius of the gain core increases when the gap distance equals 4 nm. Consistently with the conventional local plasmonic phenomena, a larger particle size can result in a red shift of the resonant wavelength [see Fig. 5(b) ]. However, both the gain threshold [see Fig. 5(a) ] and local field enhancement [see Fig. 5(c) ] display a non-monotonic pattern as the radius of the gain core increases. This is because a large radius of the gain core increases the volume of both the metallic shell and the gain core at the same time. A large volume of the silver shell will increase the loss due to its inherent absorption, whereas a large volume of the gain core will improve the ability of loss compensation. Therefore, the competition relation between the two mechanisms causes the non-monotonic variations and slightly different field distributions [see Fig. 5(e) ] as the radius increases. One can see that a 50 nm radius of the gain core can provide the lowest gain threshold [see Fig. 5(a) ], but causes the worst local field enhancement [see Fig. 5(c) ]. Therefore, a relatively large radius of the gain core is helpful to achieve the low gain threshold and strong local field enhancement at the same time. Moreover, a larger radius of the core will also contribute to a larger enhancement bandwidth [see Fig. 5(d) ], which is particularly favorable to SERS applications.
Numerical Analysis and Discussion

Effect of the Gain Coefficient on the Enhancement of Local Electric Fields
Effect of the Structure Parameters of the Gap System on the Local Electric Field
Then we consider R ¼ 80 nm as example to analyze the influence of the thickness of silver shell on the performance for SERS applications. Fig. 6 shows that the optical characteristics vary as the thickness of the silver shell increases when the gap distance equals 4 nm. As the volume of the gain core is fixed, a larger gain coefficient (i.e., a higher gain threshold) is essential to compensate for the enhancive metallic loss due to the increase of the thickness of the silver shell. Therefore, the optimal gain coefficient (i.e., the gain threshold) will monotonously increase as the thickness of the silver shell increases. In addition, the central resonant wavelength, as distinct from the case of the increased radius of the gain core, exhibits a blue shift as the thickness of the silver shell increases [see Fig. 6(b) ]. Although the threshold gain shows a good monotonicity, the local field enhancement [see Fig. 6(c) ] still displays a non-monotonic pattern as the thickness of the silver shell increases because the variable thickness of the silver shell induces slightly different field distribution modes [see Fig. 6(e) ]. From another point of view, there exists an optimal shell thickness, at which the maximal field enhancement can be achieved [see Fig. 6(c) ] for a given core radius. However, the maximal field enhancement may require a little higher gain coefficient [see Fig. 6(a) ]. In addition, the enhancement bandwidth also monotonously increases as the thickness of the silver shell increases [see Fig. 6(d) ].
Conclusion
A novel gap plasmonic system consisting of a silver nanoshell with a gain core above a silver substrate has been presented to achieve ultrastrong plasmonic hot spots for SM-SERS applications. The proposed system can contribute to a super high G factor with a low gain coefficient. For example, when the radius of the gain core is R ¼ 40 nm and the thickness of the silver shell is L ¼ 10 nm, the system with a 4 nm gap distance can lead to a 1:51 Â 10 5 times field enhancement (corresponding to a G factor of 5:2 Â 10 20 ), and the system with a 2 nm gap distance can lead to a 2:4 Â 10 6 times field enhancement [corresponding to a G factor of 3:32 Â 10 25 ]. The G factor is five orders of magnitude greater than the highest values reported in theory for SM-SERS applications [25] . We have also characterized the effect of the structure parameters on the enhancement factor. Numerical results show that a small gap distance is very helpful for the enhancement of both the local electric field and bandwidth. In addition, a small thickness of the silver shell is favorable to reduce the gain threshold. However, the radius of the gain core can result in a non-monotonic influence for both the gain threshold and the absolute field enhancement. 
